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' Abstract. Under fairly general assumptions, we prove that every compact in- 

variant subset X of the semiflow generated by the semilinear damped wave equation 

eu tt + u t + (3(x)u - ^2{aij{x)u X] ) Xt = f(x, u), (t,x) E [0, +oo[xf2, 

it = 0, (t,x) £ [0, +oo[xdfl 

in Hq(H) x L 2 (il) is in fact bounded in D(A) x Hq((Y). Here ft is an arbitrary, 
possibly unbounded, domain in R , An = f3(x)u — '^2 i j(o,ij(x)u Xj ) Xi is a positive 
selfadjoint elliptic operator and f(x,u) is a nonlinearity of critical growth. The 
f"| • nonlinearity f(x,u) needs not to satisfy any dissipativeness assumption and the 



< 
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invariant subset X needs not to be an an attractor. 



1. Introduction 
£q ■ Consider the semilinear damped wave equation 

CN| ■ eutt + Ut + P{x)u- ^2(aij(x)u Xj ) Xi = f(x,u), (t,x) G [0, +oo[xfi, 

^ ' (1-1) 

u = 0, {t,x) G [0,+oo[x9fi, 

where f2 is an arbitrary, possibly unbounded, domain in R 3 , /(#, w) is a nonlinearity 
of critical growth and Am := f3(x)u — ^2ij(cLij(x)u Xj ) Xi is a positive selfajoint elliptic 
^ ■ operator. It is well known (see e-g. [32]) that equation ( 11. II) . under appropriate 

conditions on Oy(a;), /3(x) and f(x,u), generates a (local) semiflow in the space 
Hfc(n) x L 2 (f2). We remind that a subset 5 of Hq(Q) x L 2 (f2) is called invariant 
for the semiflow generated by (jl.ip if for every (M ,fo) G 5 there exists a solution 
(OX-)): R->i2"i(fi)x£ 2 (fi) of (dU) with (u(0),v(0)) = (u , v ) and («(*),«(*)) G 
iS for all t e R. Assume that X is a compact invariant subset for this semiflow. In 
this paper we shall prove that, under fairly general assumptions on £%(#), f3{x) and 
f(x,u), X is in fact bounded in -D(A) x Hq(Q). This means that a solution of (II. ip 
lying in X is more regular in space than a generic solution. Results of this kind have 
been known for a long time in case f(x,u) satisfies some dissipativeness condition 
and X is the global attractor of (11.11) (see e.g. [TJ [TTJ El El S] and the more recent 
[3 El EH El)- In [IS] regularity results were obtained for general invariant subsets 
in the subcritical case. To our knowledge, the most general results are contained in 
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the paper pU] by Hale and Raugel, where the authors, among other things, prove 
"spatial regularity" of invariant subsets for a general class of abstract semilinear 
evolution equations. The equations considered by Hale and Raugel are of the form 
ii = Au + f(u), where A is the generator of a C°-semigroup of linear operators in a 
Banach space X and / is a nonlinearity of class C 1,1 . The assumptions in [10] are 
too elaborated to be summarized here. The technique relies on suitable Galerkin 
decompositions of the solutions lying in the invariant subset. Roughly speaking, 
every solution u(t) in the invariant subset splits as u(t) = v(t) +w(t), where w is the 
fixed point of an integral equation and v(t) is the solution of a retarded differential 
equation on a (usually finite dimensional) subspace of X. The applications described 
in [TU] consider only the case of equations on bounded domains, where a natural 
Galerkin decomposition is supplied by the (finite dimensional) spectral projections. 
However, it is very likely that the abstract results of [10] should apply also to the 
case of equations on unbounded domains. In this case, the decomposition on a basis 
of eigenfunctions should be replaced by the use of the spectral family of the operator 
A. 

Our aim is to go beyond the results of [10J in the particular case of the semilinear 
damped wave equation (II. II) . We shall prove our regularity results without any 
smoothness and/or boundedness assumption on Q. The nonlinearity f(x,u) needs 
not to be of class C 1,1 in u, but only of class C 1 ' 13 for some < (3 < 1. Moreover, 
we shall not exploit Galerkin decompositions of the solutions, so we bypass the 
problem of constructing spectral families. Finally, we do not need to use the theory 
of retarded differential equations. 

The idea of the proof is very simple, although it requires a careful functional 
analytic setting. We give here an informal sketch. Let (u(-), u t (-)) : K — > H^lfl) x 
L 2 (Q) be a bounded mild solution of (11.11) . Set v(t) := u t (t). Then (v(-), v t (-)) : K — > 
L 2 (Vl) x H^iVt) is a mild solution of 

ev tt + v t + (3(x)v -^2(a i:j (x)v Xj ) x . = d u f(x, u(t))v, (t,x) e [0,+oo[xf2, 
(1.2) a 

v = 0, (t,x) e [0,+oo[x<9fi. 

Take 9 > and denote by U(t, s) the evolution system generated by the non- 
autonomous linear equation 
(1.3) 

ev tt + v t + (3(x)v - ^2(aij(x)v Xj ) Xi + 9v - d u f(x,u(t))v = 0, (t,x) e [0, +oo[xfi, 

v = 0, (t,x) e [0,+oo[xdn 
in the space L 2 (Q) x if _1 (f2). Then, for t > s, we have that 

(1.4) (v(t)Mt)) = U(t,s)(v(s),v t (s)) + J*U(t,p)(0,(9/e)v(p))dp. 

We shall prove in Theorem 13.71 below that, if 9 is sufficiently large, then U(i, s) 
satisfies appropriate exponential decay estimates in L 2 (Q) x iJ _1 (fi) as well as in 



REGULARITY OF INVARIANT SETS 



3 



Hq(£1) x L 2 (Vl). Then, letting s — > — oo in (11.41) . we obtain that 



(1.5) {v{t),v t (t)) = / U(t, P )(0,(e/e)v(p))dp. 

J — oo 

In this way we get rid of the Cauchy data (v(s),v t (s)) and, since (0, (8/e)v(p)) G 
Hq(£1) x L 2 (f2), we deduce that actually (v(-),v t (-)) is a bounded function from R 
into -ffg(fi) x L 2 (fi) and the conclusion follows. A similar idea was already exploited 
in [1]. 

The paper is organized as follows. In Section 2 we introduce notations, we set the 
main assumptions and we state the main results. Sections 3 and 4 are devoted to 
the proof of the main results. In Section 5 we exploit the regularity results to prove 
upper-semicontinuity of the attractors of f 1 1.1 1) as e — > when f(x,u) is dissipative, 
improving a previous result obtained with K. Rybakowski [T?] . 

2. Notation, statements and remarks 

Before we describe in detail our assumptions and our results, we need to introduce 
some notation. In this paper fl is an arbitrary open subset of R 3 , bounded or not. 
Given a function g: Q x R — > R, we denote by g the Nemitski operator which 
associates with every function u: Q —>■ R the function g(u) : f2 — > R defined by 

g(u)(x) — g(x, u(x)), xEQ. 

If / C R, Y and X are normed spaces with Y G X and if u : / — > F is a function 
which is differentiable as a function into X then we denote its X-valued derivative 
by (dt | X) u. Similarly, if X is a Banach space and u: I — > X is integrable as a 
function into X, then we denote its X- valued integral by fjV,(t) (dt | X). If X and 
Y are Banach spaces, we denote by C(X, Y) the space of bounded linear operators 
from X to Y. If X = Y we write just £(X). 

Hypothesis 2.1. 

(1) ao, Oi G]0,oo[ are constants and a%f. Q — > R are functions in L°°(Q) such 
that dij = aji, i, j = 1, . . . , 3, ana 1 /or every £ G R 3 and a.e. x G f2 ; 

3 

a |£| 2 < XN(a06&<ai|£| 2 - 

(2) /? : — > R is a measurable function with the property that 

(a) for every v > there is a C v > 



u Jn Jn 

for all u G H^(Q); 
(b) there exists X± > swc/i t/iat, setting A(x) := (a^(a;)) 3 J=1 , 



A(x) V«(i) • Vu(x) dx + / / 3(a;)|n(a;)| i dx > Ai / \u(x)\ 2 dx 
n Jn Jn 

for all u G Hi (Q) . 
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Remark 2.2. Condition (a) in Hypothesis 1 2. II is satisfied, e.g., if (3 G Lf^R 3 ) ura'£/i 
p > 3/2. i/ere we denote by L^(M 3 ) t/ie sei of measurable functions (: M, 3 — > R stic/i 

IICIIl S := sup f / |C(x)| p ^ P <oo, 

where, for y G M 3 ; -B(w) i/ie open unit cu&e in M 3 centered at y (see [16J /or 
details). 

By Lemma 3.4 in [16], the scalar product 

(2.1) (u,v) H i = / A(o;)Vm(x) ■ Vu(i) rfa; + / (3(x)u(x)v(x) dx, u,v G i? x (fi) 

is equivalent to the usual scalar product on Hq(Q). From now on, we denote by 
|| ■ \\ H i the norm associated with (■, -) H i. 

Let A be the selfadjoint operator on L 2 (Q) defined by the differential operator 
u i— > flu — J2ij( a ij u xj)xi- Then A generates a family X K , k G R, of fractional power 
spaces with X~ K being the dual of X K for k g]0, +oo[. For k g]0, +oo[, the space 
X K is a Hilbert space with respect to the scalar product 

(u, v) x * ■= (A k m, A K v ) L 2, 11,1)6 X K . 

Also, the space X~ K is a Hilbert space with respect to the scalar product (•, -)x- k 
dual to the scalar product (•, -)x k , i-e. 

(u', v') x - K = {R-\\ R-^xn, u, v G X- K , 

where R K : X K — > X~ K is the Riesz isomorphism u h- ► (•, u)x k - 
We write 

H K = X K/2 , keR. 

Note that H = L 2 (fi), ^ = F_i = tf-^fi) and # 2 = D(A). 

For k G R the operator A induces a selfadjoint operator A K : i? K+ 2 — > In 
particular A = A . Moreover, 

(u,v) H i = (A u,v) L 2, u G D(A ), v G Hq(Q). 

For e G]0, 1] and k G R set Z K := Hk+i x an d define the linear operator 
B £K : Z K+ i — > Z K by 

B 6jK (u,v) := (v, -(l/e)(v + A«tt)), G 

It follows that B e K is m-dissipative on Z K (cf the proof of Prop. 3.6 in [IS])- There- 
fore, by the Hille-Yosida-Phillips theorem (see e.g. [2]), B £jK is the infinitesimal 
generator of a C°-semigroup T £yK (t), t G [0, +oo[, on Z K . 

Hypothesis 2.3. 

(1) /: Q x R — > R is suc/i t/jat ; /or every n G R, f{-,u) is measurable and 
/(•,0)GL 2 (fi); 



REGULARITY OF INVARIANT SETS 5 

(2) for a.e. x G Q, f(x, •) is of class C 1 , d u f(-,0) G L°°(Q) and there exist 
constants C, [3 and a, with C > 0, < (3 < 1, 1 < a < 2 and a + (3 = 2, 
such that 

\d u f(x, Ul ) - d u f(x,u 2 )\ < C(l + \ Ul \ a + \u 2 \ a )\ Ul - u 2 f. 

The main properties of the Nemitski operator associated with / are collected in 
the following Proposition, whose proof is left to the reader. 

Proposition 2.4. Assume Hypothesis \2.3[ Then f : Hq(Q) — > L 2 (Q) is continuously 
differentiable, Df(u)[v](x) = d u f(x,u(x))v(x) for u, v G Hq{VL), and there exists a 
positive constant C > such that the following estimates hold: 

(2.2) ll/Hlk< 6(1 + 11**), ueHfcn) 

(2.3) \\Df(u)\\ c{H i !L2) < C(H-|H|^), ueH 1 ^) 

(2.4) \\Df( Ul ) - Df(u 2 )\\ c{H i !L2) < (7(1 + KIISj + KHSjJUui-UallJj, 

ut,u 2 G Hq(£1). 

If u G Hq(Q) and v G L 2 (Q), then d u f(u) ■ v G H^^Q) and the following estimates 
hold: 

(2.5) \\dJ(u)\\c { LMi-i) < C(l + \\u\\ 2 H i) , u G H^Q) 

(2.6) - Kf{u 2 )\\ c{ L*,H-i) < C(l + + - u 2 ||^, 

Ui, u 2 G -ffo(^)- 

Finally, whenever the function t *—m(t) is continuous from R to i?o(fi) an< ^ contin- 
uously differentiable from R to L 2 (0) ; t/jen t/ie function 1 i— > f(u(t)) is continuously 
differentiable from R to H^ 1 ^) and 

(2.7) (ft | F- x )(/ o „)(*) = §J(u(f)) • (d t | L>(f) 

□ 

We consider the following semilinear damped wave equation: 

eu tt + u t + (3(x)u - ^2{<kj(x)u Xj )x i = f(x,u), (t,x) G [0, +oo[xfi, 

(2.8) a 

u = 0, (t,x) G [0, +oo[x<9fi 

with Cauchy data u(0) = uq, u t (0) = Vq. 

Remark 2.5. The condition Ai > in Hypothesis \2.1\ is not restrictive. Indeed, if 
Hypothesis \2.1\ is satisfied with Ai < 0, one can take some 7 > and add — A1W + 7W 
on both sides of 112. 8\) : then Hypotheses \2.1\ and \2.3\ are fully satisfied, with (3{x) 
replaced by (3{x) — Ai + 7 and f(x, u) replaced by f(x, u) — X\u + ju. 
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Following [2], we rewrite equation (12.81) as an integral evolution equation in the 
space Zq = Hq(Q) x L 2 (Q), namely 

(2.9) (u(t),v(t)) = T e , (t)(u ,v ) + [ T e , (t-p)(0,(l/e)f(u(p)))(dp\Z ). 

Jo 

Equation (I2.9P is called the mild formulation of (I2.8P and solutions of (12.91) are called 
mild solutions of (12. 8p . Note that by Proposition 12.41 the nonlinear operator (u, v) h- > 
(0, f(u)) is Lipschitz continuos from Z into itself. Therefore, if (uq,vo) E Zq, then 
(12. 9p possesses a unique continuous maximal solution (u(-),v(-)): [0,t max [— > Z (see 
Theor. 4.3.4 and Prop. 4.3.7 in [2j). We thus obtain a local semiflow on Zq. 
Moreover, («(•), t>(-)) is continuously differentiable into Z_\ and 

(2.10) (d t | Z_i)(tt(t),t;(t))=B e ,_i(«(t) > «(t)) + (0,(l/e)/(tt(t))) 
(see Theorem II. 1.3 in [6]). In particular, one has 



(2.11) 



(d t | H )u(t) = v(t) 

e(d t | H^)v(t) = -v(t) - A_m(t) + f(u(t)) 



Definition 2.6. A function (u(-), v (•)) : R — > Z «s called a full solution o/ ( f^. g|) z/f, 
/or every s ; t E M, wift s < t, one has 



(u(t),v(t)) = T £ , (t - s)(u(s),v(s)) + / T £ , (t -p)(0, (l/e)/(u(p))) (dp | Z ). 

Now we can state our first main result. 

Theorem 2.7. Assume that Hypotheses \2.1\ and \2.3\ are satisfied. Let e e]0, 1] 
be fixed. Let (u(-),v(-)): R — ► Z be a bounded full solution of \2. 9\) . such that 
sup teR ( +e||t)(t)||^2) < R- Assume that the first component u(-) is uniformly 
continuous with modulus of continuity uj(-). Then (u(-),v(-)) is continuous into Z\, 
is continuously differentiable into Z , and 

(d t | Z )(u(t),v(t)) = B e , (u(t),v(t)) + (0,(l/e)f(u(t))). 

Moreover, there exists a positive constant R t such that 

sup(||A n(t)||i 2 + \\v(t)\\m + 4(dt I H )v(t)f L2 ) < R e . 
ten 

The constant R e depends, besides e, only on the constants in Hypotheses \2.1\ and 
\2.§r on R and on ou(-). 

We remind that a subset X of Zq is called invariant for the semiflow generated 
by (I2.9p if for every (u ,v ) E T there exists a full solution (u(-),v(-)) of (12.91) with 
(u(0), v(0)) = (u , v ) and (u(t), v(t)) E 1 for all t E R. 

Lemma 2.8 (Lemma 2.3 in [10]). If X is a compact invariant subset for the 
semiflow generated by A2.9\) . then the set of all the full solutions of Ii2.9\) in X is 
uniformly equicontinuous . □ 
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Therefore, if X is a compact invariant subset for the semiflow generated by (12.91 ). 
then there exists a continuous, non decreasing function uj: [0, 1] — ► R + , with u(0) = 
0, such that, for every full solution (u(-),v(-)) of (12.91) in X, one has 

\\u(t) -u(s)\\ H i <u(\t- s\), t,seR, \t-s\<l. 

As a consequence of Theorem 12.71 and Lemma 12.81 one can easily prove the fol- 
lowing corollary. 

Corollary 2.9. Assume that Hypotheses \2.1\ and \2.3\ are satisfied. Let e g]0, 1] be 
fixed. Let 1 be a compact invariant subset of the local semiflow generated by 9\) 
in Zq. Then I is a bounded subset of Z\. □ 

Theorem 12.71 and Corollary 12.91 furnish estimates which depend heavily on e. In 
many situations it is of interest to obtain estimates which are uniform in e. To this 
end, we need to introduce the following hypothesis. 

Hypothesis 2.10. 

(1) /: Q x R — > R is such that, for every u 6 R ; f(-,u) is measurable and 
f(;0)eL 2 (Q); 

(2) for a.e. x G Q, f(x,-) %s of class C 2 , d u f(-, 0) G L°°(Q), d uu f(-, 0) G L°°(Q) 
and there exists a constants C > such that 

\d uu f(x,ui) - d uu f(x,u 2 )\ < C\ut - u 2 \. 

Notice that Hypothesis 12.101 is a strenghtening of Hypothesis 12.31 We have the 
following theorem. 

Theorem 2.11. Assume that Hypotheses \2.1\ and \2.1U are satisfied. For every 
e g]0, 1], let (u e (-),v € (-)): R — > Z be a bounded full solution of Ii2.9\) . such that 
sup teR (||u € (£)||^i + e||-u e (t) ||^ 2 ) < R- Assume that, for every e g]0, 1], the first 

component u e (-) is uniformly continuous. Then there exists a positive constant R 
such that, for every e g]0, 1], 

STip(||A w e (t)||| 2 + \\v e (t)\\m + 4(dt I H )v e (t)\\h) < R- 
tm 

The constant R depends only on the constants in Hypotheses \2.1\ and \2.HA and on 
R. 

One has also the following corollary. 

Corollary 2.12. Assume that Hypotheses \2.1\ and \2.l0\ are satisfied. For every 
e g]0, 1], letT e be a compact invariant subset of the local semiflow generated by \2.9ti 
in Zq. Assume that there exists R > such that, for every e g]0, 1], 

sup (\\u\\ 2 Hl +e\\v\\ 2 L2 )<R. 

Then there exists R > such that, for every e g]0, 1], 

sup (\\A u\\ 2 L2 + \\v\\ 2 H ,)<R. 
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The constant R depends only on the constants in Hypotheses \2.1\ and \2.1(h and on 
R. □ 

3. Proof of Theorem 1 

Throughout this section we fix e g]0, 1] and we denote by (u(-),v(-)): R — > Z a 
fixed bounded full solution of (12. 9p . such that sup 4eR (||w(t)||^-i + e||i;(i) \\ 2 L2 ) < R. As 
we have seen above, (u(-),v(-)) is continuously differentiable into Z_x and 



(d t | H )u(t) = v{t) 

e(d t | H^)v(t) = -v(t) - A_!«(t) + />(*)) 

Set := (<9 t | H_i)v{t), t G R. Using (12. 7p we see that (v(-), w(-)) is continuous 
into Z_i and continuously differentiable into Z-2, and 

e{d t | £T_ 2 )TZ)(t) = -tw(t) - A^ 2 v{t) + • v{t) 

Since the mapping t i— > (0,d u f(u(t)) ■ v(t)) is continuous into Z_i = D(B e _ 2 ), it 
follows from Theorem II. 1.3 in [6] that, for s, t G R, with s <t, (v(-),w(-)) satisfies 
the equality 

(v(t),w(t)) =T £t _ 2 (t-s)(v(s),w(s)) 

+ / T ei - 2 (t-p)(0,(l/e)Kf(u(p))-v(p))(dp\Z- 2 ). 

J s 

Finally, since (v(-),w(-)) is continuous into it follows that (v(-),w(-)) satisfies 
the equality 

(3.1) (v(t), w(t)) = T e _x(t - s)(«(s), 

J s 

Notice that, for set fixed, the function (v(-),w(-)) is the unique mild solution of 
(13. ip on [s, +oo[. This is a consequence of (12.51) and (12. 6p . Now we want to give 
another representation of (v(-),w(-)), by mean of a variation of constant formula 
involving the evolution system generated by the non-autonomous equation 

(3.2) d t (v{t), w(t)) = B 6 (v(t), w(t)) + (0, (l/e)(-0 + dj(u(t))) ■ v{t)) 

in the space Z~x, where 9 is a sufficiently large positive number to be determined. 

Definition 3.1. Let X be a Banach space and let J C R be an interval. A two 
parameter family of bounded linear operators U(t,s), s, t G J, s < t, is called an 
evolution system on X iff the following conditions are satisfied: 

(1) U(s, s) = I, U(t, r)U{r, s) = U{t, s) for s, r , t G J , s < r < t; 

(2) (t, s) i — > U(t, s) is strongly continuous into C(X) for s, t G J, s <t. 
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We recall the fundamental theorem of Kato (see [12J), which provides sufficient 
conditions for the existence of an evolution system. Let X be a Banach space. We 
denote by Q{X) the set of all infinitesimal generetors of C°-semigroups of linear 
operators on X. 

Definition 3.2. Let X be a Banach space and let J C R be an interval. A one 
parameter family of linear operators A(t) G Q{X), t G J, is called stable iff there 
are constants M > 0, (3 G R (called the constants of stabiltyj such that 

k 

|| H(A(t s ) + Xy'Wax) < M(A - f3)- k , A > (3, 
i=i 

for any finite family (t/)?=i of points of J, with t\ < t% < • ■ ■ < t^, fceN. 

Theorem 3.3 (Theor. 6.1 in |12j ). Let X and Y be Banach spaces, such that 
Y is densely and continuously embedded in X . Let A(t), t G Q{X) be a family of 
linear operators such that: 

(1) (A(t))tej is stable with constants M and /3; 

(2) there is a family (S(t)) teJ of isomorphisms of Y to X such that S(-) is 
strongly continuously differentiate into £(Y, X) and 

S^A^Sit)- 1 = A(t) + B(t), B(t) G C(X), 

where B(-) is strongly continuous into C(X); 

(3) Y C D(A(t)), so that A(t) G C(Y,X) for t G J, and the map t h-> A(t) is 
norm continuous into C(Y, X). 

Under these conditions, there exists a unique evolution system U(t, s) on X , defined 
for s, t G J, s < t, with the following properties: 

(1) \\U(t,s)\\ ciX )<Me^- s \- 

(2) U(t,s)Y C Y and \\U(t, s)\ Y \\ C (Y) < Me^ (1 " s) for some constants M > 0, 
(3 G R; 

(3) the map (s,t) h- > U(t, s)\y is strongly continuous in C(Y) for s, t G J, s <t; 

(4) for each fixed y G Y and t G J, the mapping s t— > U(t, s)y is continuously 
differentiate in X and (d/ds)U(t, s)y = —U(t, s)A(s)y, s < t; 

(5) for each fixed y G Y and s G J, the mapping t i— > U(t, s)y is continuously 
differentiate in X and (d/dt)U(t, s)y = A(t)U(t, s)y, s <t. 

□ 

In order to exploit Kato's theorem, we need to introduce some notation. For 
k G R and 9 > 0, define A K [B] := A K + 91: H K+2 -> H K . For e g]0, 1], k G R and 
9 > 0, define the linear operator B e K [0] : Z K+ i — > Z K by 

B e>K [9](u, v) := {v, -{l/e){v + A K [9)u)), (u, v) G Z K+1 . 

It follows that B £)K [^] is the infinitesimal generator of a C°-semigroup T e>K [6 l ](t), 
t G [0, +oo[, on Z K . 

For t G R, define the operator C ej _i(t) : Z_\ — > Z_i by 

C e ,-i(t)Kf) := (0,(l/e)dj(u(t))-u). 



10 MARTINO PRIZZI 

Notice that, by (12.61) . the mapping t \— > C e _i(t) is norm continuous into 
Moreover, by (12. 3p . C £) _i(i) maps Z into itself. Setting C £i0 (t) := C £i _i(t)|^ , we 
get from (12.41) that the mapping t \— > C e fl(t) is norm continuous into C(Z ). 

Proposition 3.4. Let 9 > 0. Set X := Z_ u Y := Z , A(t) : = B 6 _i[0] + C e _i(t) 
and S(t) := (B ei _i[#]) _1 , tel. Then the assumptions of Theorem \3.3\ are satisfied. 

Proof. The stability of the family A(t) follows from Prop. 3.5 in [12]. The norm 
continuity of the mapping t i— > A(t) is a consequence of (12.61) . In order to conclude, 
we shall compute explicitly We have that = A(t) + 

5(t), where 

(3.3) B(t) = -C e ,_!(*) + B ei _ 1 [0]C e ,_ 1 (t)(B e ,_ 1 [^)- 1 . 

The first addendum in (13.31) is strongly continuous into C(X) by (12.61) . Concerning 
the second summand, an explicit computation shows that 

(B^rv^) = (-(a^pd-v +u),u). 

It follows that 
B e ,„ 1 ^C e ,_ 1 (t)(B e ,_ 1 [0])- 1 (n,i;) 

= (-(l/e)£/(u(t)) • (A^])- V + it) , (l/e 2 )S7 («(*)) • (A-x^)- 1 ^ + «)). 

Now it follows from (I2.3P and (12.41) that the second addendum in (13.31) is strongly 
continuous into C(X). □ 

We denote by U e _i [#](£, s) the evolution family generated by B e) _i[0] + C ei _i(i) 
in Z_i and by U £) o [#](£, s) its restriction to Z . We need the following lemma. 

Lemma 3.5. Let h(-): K — > L 2 (f2) &e a continuous function. Let (v s ,w s ) G Z_i 
and /ei (£>(•), w(-)) : [0,+oo[^ Z_i &e the unique solution of 

(3.4) (v(t),w(t)) = T e ,_i(* - s)(v„ u;.) 

+ ^ T e ,_ x (t - p)((0, -(9/e)v(p)) + C e ^(p)(v(p), w(p)) + (0, %))) (dp | Z^). 
Then 

(3.5) (i5(*), r2(t)) = U e ,_i[0](t, ti;.) + / U e ,_i[0](t,p)(O, %)) (dp | Z. x ). 

J s 

Proof. We suppose first that (v s ,w s ) G Z . Define 

(P(t)Mt)) = Ue,-i[o](t,s)(v s , Ws ) + [ u e i[e](t, P )(o,h(p)) (dp | z_ x ). 



By Theorem 7.1 in [12], we have that (#(•), w(-)) is continuously differentiable into 
Z_i, continuous into Z , and satisfies 

(d t | = (B e ,_i[0] + C e> _i(*))(t>(*),«>(*)) + (0,h(t)) 

= B e -i(v(t),w(t)) - (0, (e/e)v(t)) + C e> ^{t)(v(t),w(t)) + (0, h(t)). 
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Since the mapping t \— > — (0, (9/e)v(t)) + C e -i(t)(v(i), w(t)) + (0, h(t)) is continuous 
into Z = D(B 6i _ x ), it follows from Corollary IV.2.2 in \TQ that 

(t)(t),w)(t)) =T ei _ 1 (t-s)(^,w s ) 

+ [ T e ^(t-p)((0,-(e/e)v( P )) + C £ ,- 1 (p)(v(p),w(p)) + (0,%))) (dp | Z_0. 



By the uniqueness of the solution of ( 13. 4(1 . we obtain that (#(•), $(•)) = 0K*)> ^('))- 
Finally, if (i> s ,iu s ) G Z_i, the conclusion follows from a density argument. □ 

Now (EUD and Lemma [33] with = (6/e)v(t), t G R, imply that 
(3.6) 

{v{t),w(t)) = \J e ,- 1 [e)(t,s){v{s),w(s)) + I U e ,_i[0](t,p)(O,(0/e)i;(p))(dp| 

The next step consists in finding suitable decay estimates for U e( _i[0](t, s) and 
U £i o[0](£, s). To this end, we need to introduce some more notation. 

For 6 > and r G E, we denote by T e , o [0,T](*) (resp. by T 6 _i[0,r](t)) the 
semigroup generated by B €i o[#] + C £j o(t) in Z Q (resp. by B e _i[0] + C £( _i(r) in Z_i). 

For # > 0, we define the following scalar product in ifg(fi): 



(3.7) (u, v )h 1 [o\ '■— \ A(x)'Vu(x) ■ Vv(x) dx 
Jn 



+ / (3(x)u(x)v(x) dx + / 8u(x)v(x)dx, u,v G i/ 1 (f2). 
in in 

We denote by || • ||#i[0] the corresponding norm. Moreover, we denote by (•, ^h- 1 ^] 
the scalar product in iJ~ 1 (fi) dual to (-, and by || • ||#-i[0] the corresponding 

norm. We have the following estimates: 

( 3 - 8 ) (tj , \ ) 1/2 H • Wmw] < II • \\m < II ■ \\m\e] 



'0 + Al- 



and 

(3-9) (^-) 1/a || ' IIh-i < II ■ < II ■ lk-x. 

Moreover, 

(3.10) > (Ai + 0)|H|| 2 , uGi^) 
and 

(3.11) \\u\\li>(\i + 9)\\u\\ 2 H - 1[e] , ueL 2 (Q). 
Notice also that 

(u,v) H i [e] = (A [9]u,v) L 2, u G D(A [9]), v G ^(O) 

and 

(u,^) L 2 = (A_i[0]«,v) H -i M , u G £>(A_i[0]), v G L 2 (n). 
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For 9 > 0, we define the following norms in Zq and Z_i respectively: 
||(^)lk,o[0] : = WAhIW + e 1/2 ||^IU 2 , IK^Ik,^] := WAtf + e 1/2 \\v\\ H -i [e] . 
For 9 > and r G JR., we define also the following bilinear form in Hq(Q): 

(3.12) (u, v) H i[Q jT ] :— / A(x)Vu(x) ■ Vt> (x) dx + / (3(x)u(x)v(x) dx 

+ / 9u{x)v{x) dx — \ d u f(u(T))(x)u(x)v(x)dx, u,v G H l (£l). 



We shall see in a moment that, for sufficiently large 9, (•, •)fl-i^ (T ] is in fact a scalar 
product. We denote by || • ||fl-i[e, r ] the corresponding norm. Moreover, we denote by 
(•) ■)//- 1 [6»,r] the scalar product in dual to (•, -) H i^^, and by || ■ ||ij-i[0 jT ] the 

corresponding norm. For k — 0, —1, define A k [9,t] := A K [9] — d u f{u{r)) and notice 
that 

(u, v) H i %T] = (A [9, t]u, v) L 2, u G D(A o [0, r]),ve H*(Q) 

and 

(u, v) L 2 = (A-i[9, t]u, v) h -i [0 , t] , u G £>(A_i[0, r]), u G L 2 (fi). 
We need the following lemma. 

Lemma 3.6. For every p, with < p < 1, there exists 9 P > such that, for all 
9>9 P andr G R, 

(3-13) (1 - p) 1/2 || ■ \\ m < || ■ \\ H i m < (1 + p) 1/2 || ■ IIhjm 

and 

(3.14) (l-p) 1/2 || ■ Hn-ip.r] < || ■ \\ H - m < (1 + P) 1/2 || • \\h-ho,t]. 

The constant 9 p , besides p, depends only on R and on the constants in Hypotheses 
\2J\and\M 

Proof. First we observe that for every v > there is a C v > with 

\dJ{u(T))(x)\\u(x)\ 2 dx < v [ \Vu(x)\ 2 dx + C v [ \u(x)\ 2 dx 



for all u G Hq{VL). The constant C u , besides u, depends on the constants in Hy- 
potheses HH] and [231 It follows that 

ll u llfl-i[e,r] - II^IIhi^+^II^IIhi+^II^IIi, 2 - ll u ll/f 1 [e] + z/ ll M H/f 1 [e] + g + ^ IMIiffip]- 
On the other hand, 

2 ^ IL l|2 11 n9 ii n5 C v 



2 ll I|2 r< II II 2 ^ II il a II II 2 II II 2 

Hip] - nnui - > \\nui\e\ - ^ini^ - j^ x \\ u \\i^w 

Choosing first v = p/2 and then 9 P such that C U /{9 P + Ai) < p/2, we obtain (13.131) . 
Estimates ( 13. 14ft follow from (13.131) and a duality argument. □ 

Now we are ready to state and prove the desired decay estimates for U £i _i[6 l ](t, s) 
and U e , o [0](t,s). 
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Proposition 3.7. There exist 9 > 0, 5 > M > such that, for all 9 > 9 P , 

(3.15) \\Ue,-i[8](t,s)\\c(z^ m < Me-^- s \ t > s, 
and 

(3.16) \\UeAm^)\\c(z^m) < Me- S «- S \ t > s. 

The constant 5 depends only on the constants in Hypothesis \2.1\ The constants 9q 
and M depend on R, on the modulus of continuity uj of u(-) and on the constants 
in Hupotheses \2.1\ and \2.3[ 

Proof. The proof is similar to, and inspired by, the proof of inequality (3.43) in [10J. 
We begin by proving (13.151) . Let 9 > 6>i/ 2 , where #1/2 is given by Lemma [3761 let 
s G K. and let (v s ,w s ) G Z-\. Set (v(t),w(t)) := XJ e -x[9)(t, s)(v s ,w s ), t > s. The 
same argument exploited in the proof of Lemma [3.51 shows that, for s < t <t, 

(3.17) (v(t)Mt)) = Te,-i[e,T](t-T){v{T)Mr)) 

+ J T^rKi-pXCe.-itp) - C £i _ 1 (r))( U (p),«;(p)) (dp \ Z. x ). 

Let 5 be a positive constant, with 5 < min{l/2, Ai/2}, and let r\ be a positive 
constant to be fixed later. For j G N , we define the intervals Ij := [s+jr], s+(j+l)rj\. 
For j G No, we introduce the following family of energy functionals on Z-\\ 

1 11 

(3.18) E ed (v,w) := -e\\Sv + w\\ 2 H - 1[9;S+jri] + ~\\v\\ 2 L 2 + ~{e5 2 - 5)\\v\\ 2 H -, [e ^ +M . 

Moreover, we define 

(3.19) Eg{v,w) := le\\6v + w\\ 2 H - 1[e] + ^\\v\\ 2 L2 + l -{t5 2 - $)\\vf H - m . 

Since e g]0, 1] and 5 < min{l/2, Ai/2}, a direct computation using (13.111) shows 
that, for all 6 > 9i/ 2 , 

(3.20) \\\(v,w)\\ z ^ l[e] < E e (v,w) < ^\\(v,w)\\ Zai _ m , (v,w) G Z_ x . 

Moreover, by Lemma [3761 for every p, with < p < 1/2, there exists 6 P > 9i/ 2 such 
that, for all 9 > 9 p and all j G No, 

(3.21) (l-p)E e , j (v,w)<Ee(v,w)<(l + P )Ee, j (v,w), (v,w) e Z^. 

An elementary, but quite tedious computation, using (13.171 ) with r = s + jrj and 
Theorem 2.6 in [IB] , shows that the mapping t 1— > Egj(v(t),w(t)) is differentiable 
on Ij, and 

(3.22) j t E ejj (v(t),w(t))+2SE ej (v(t),w(t)) = (2e5 - l)\\5v(t) + w(t)\\ 2 H ^ s+jv) 

+ (6v{t) + w{t), (d u f(u(t)) - d u f(u{s + jv)))v{t))H-Ho,s+j V )- 
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Take p, with < p < 1/2, and take 9 > 9 P . Using Cauchy-Schwartz inequality, 
inequalities ^M), (I3TT4D and $Tf%, and the fact that (2e5 - 1) < -1/2, we obtain 

(3.23) -E 0J (v(t),w(t)) + 25E 9J (v(t),w(t)) 



< ~IPJW)) -d u f{u{s + jri)))v{t)f H . l{6jS+ ^ 



< o(l " rt-l^/W)) " duf{u{s + ir,))\\ l(L^\W)\? 



-(-i - //; ||'.',/,/ ' "w ii - </„./ ini. -r ./'I I i\\CiL-.ll '-ill' V .'Mr-' 

< i(l " P)- 1 ^! + 2^) 2 ||^(t) - u(* + ||t;(t)||£, 
<l(l-p)- 1 C(l + 2^) 2 a;(7 7 nKt)||i 2 

< (1 -p)- l C{\ + 2R a fuj{^E e ,{v^)Mt))- 
Now, recalling that p < (1/2), we choose 77 in such a way that 

2(7(1 + 2i? a ) 2 cj(r7) 2/3 < 5. 

With this choice, we have 

(3.24) j t E ej (v(t),w(t)) + SE gj (v(t), w(t)) < 0. 
It follows that, for t G Jj, 

(3.25) E 6d (v(t),w(t)) < e- s «-^»EeM8+jri)Ms + jri))' 

Iterating inequality (13.251) and taking into account (13. 21 j) . we obtain, for j G No and 
t G Ij, that 

(3.26) E d (v(t), w(t)) < (Itl)^ 5 ^ E e (v s , w s ). 

We are still free to choose p g]0, 1/2]. At this point, we observe that t — s > jrj. 
Therefore, we choose p in such a way that 

(±±l) e ~*v/2 < 1 
K l-p> 



With this choice, we obtain that, for 9 > 9 



pi 



(3.27) E e (v(t),w(t)) < (l±P)e^ 2 ^E e (v s ,w s ), t > s. 

1 - p 

Finally, putting together (13.201) and (I3.27p . we obtain (I3.15p . 

In order to prove (13.151) we proceed in the same way. Let 9 > 9 1/2-, let s G R and 
let (v s ,w s ) G Z . Set (v(t),w(t)) := U £i o[#](t, s)(v s , w s ), t > s. Again, for s < r < t, 
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we have 



(3.28) (v(t),w(t)) = T^ 1 [9,r](t-r)(v(r),w(r)) 

+ y" t T ei _ 1 [e ) r](t-p)(C ej _ 1 (p)-C e) _ 1 (r))( W (p) ) ^(p))(dp|Z_ 1 ) 



Since (v(-),w(-)) is continuous into Z by Theorem 13.31 we have that 

(3.29) (v(t),w(t)) = T efi [9, r)(t - t)(v(t), w{t)) 

+ J T e , o [0,r](t -p)(C e , (p) - C efl {r)){v{p),w{p)) {dp \ Z ). 

Let 5 be as above and let rj be a positive constant to be fixed later. For j e No, we 
define the intervals Ij as above. For j e No, we introduce the following family of 
energy functionals on Z : 

(3.30) w) := ± C ||*, + + ^ll^^+i,] + \(& ~ 5 )M\h- 
Moreover, we define 

(3.31) E e (v,w) := ~e||fo + w\\ 2 L2 + i|M||j M + \{e5 2 - 5)\\v\\%. 

Since e e]0, 1] and 5 < min{l/2, Ai/2}, a direct computation using (13.101) shows 
that, for all 9 > 9i/ 2 , 

1 3 

(3.32) ^||(v,w)lk, o [0] < E e (v,w) < -^\\(v,w)\\z e>0 [6}, (v,w) e Z . 

Moreover, by Lemma |3.6[ for every p, with < p < 1/2, there exists 9 P > such 
that, for all 9 > 6 P and all j G N , 

(3.33) (l-p)E e (v,w)<E e , j (v,w)<(l + p)E e (v,w), {v,w) e Z . 

Again, using (13.291 ) with r = s + jrj and Theorem 2.6 in [IB] , we see that that the 
mapping £ i— > Egj(v(t),w(t)) is differentiable on /j, and 

(3.34) -E 0J (v(t), w(t)) +28E 9J (y(t),w(t)) = (2e5 - l)\\8v(t) + w(t)\\% 

+ (5v(t) + w(t), 0J(u(t)) - aj(u{s + Jv))Ht)) L 2. 

Again, take p, with < p < 1/2, and take 9 > Using Cauchy-Schwartz in- 
equality, inequalities (13. 8ft , (13 . 131) and ( 12.41) . and the fact that (2e<5 — 1) < —1/2, we 
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obtain 

(3.35) j t 6E 6j (v(t),w(t)) + 26E 9J (v{t),w(t)) 

<l\\m(m-dJ(u(s+ JV )))v(t)\\h 
<^l©(«(0)-©(^ + ^))||^i >L2) lkWII|i 

< 5(1 - P r x \\dj{u{t)) - Sjms + mii^L^mi^s+M 
1 



< 3(1 - P) Ci 1 + 2 R a ) \\u(t) - u(s + jv)\\%\\vmU l e,s +j r A 
< hi - p)- l C{\ + 2R a ) 2 u(r))^\\v u ^ 2 



< (1 - ^-^(l + 2R a ) 2 uj(r ] )^E e ,Mt), w(t)). 

Now we proceed exactly as in the final part of the proof of (13.151) : recalling that 
p < (1/2), we choose rj in such a way that 

2(7(1 + 2i? a ) 2 c^(r7) 2/3 < 5. 
With this choice, we obtain that, for t G Ij, 

(3.36) E e>j (v(t),w(t)) < e- s ^ a+j ^Eg tj {v{s + j V ),w{s + j V )). 

Iterating inequality (13.361) and taking into account (I3.33p . we obtain, for j G No and 
t G Ij, that 

(3.37) E (v(t),w(t)) < (±±Py+i e - 5 ^Eg(v s ,w s ). 

1-p 



At this point, we choose p in such a way that 

)e-^ 2 < I . 



1 + P^-S V /2 



"1-p 

With this choice, we obtain that, for 6 > 9 



pi 



(3.38) E e (v(t),w(t)) < (±±P)e- s / 2 ^E e (v s ,w s ), t > s. 

1-p 

Finally, putting together (13.321) and (I3.38p . we obtain (I3.16J) . □ 

Now we can conclude the proof of Theorem 12. 71 Fix 9 > 6 , where 8 is given by 
Proposition 13.71 Thanks to the decay estimate (13.151) . we can let s tend to —00 in 
(I3.6p . so as to obtain 

(3.39) (v(t),w(t))= I ^-x[e\{t,p)^9/e)v{p)){dp\Z. x ) 
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for all t e E. Now observe that the mapping p i— > (0, (6/e)v(p)) is continuous into 
Z . Therefore, thanks to the decay estimate (I3.16p . we deduce that 

(3.40) (v(t),w(t)) = f U efi [9](t,p)(0,(e/e)v(p))(dp\ Z ). 

It follows that (v(-),w(-)) is continuous into Z and, for all t 6 M, 

ll(«(*),*(0)lkoM < r Me-^)||(O,(0/e)^(p))|U e , o[e] ^ 

./ — oo 

rt pt MHO 

< Me~ S{t ~ p) e 1/2 \\{e/e)v{p))\\ L 2dp< Me- 5{t - p) {6/e)Rdp ' ' 



It follows that (u(-),v(-)) is continuously differentiable into Zq, with 

(d t \H 1 )u(t) = (d t \H )u(t)=v(t) 

e(d t | H )v(t) = ew(t) = e(d t \ H^)v(t) = -v(t) - A_ x u{t) + f{u{t)). 
Now we have that 

(3.41) A-iu{t) = -ew(t) - v(t) + f{u{t)). 

The right hand side of (13.411) is a continuous function of t into L 2 (Q). Then «(■) is 
a continuous function into D(A ), and 

\\A u(t)\\ L2 < e\\w(t)\\ L 2 + \\v(t)\\ L 2 + ||/(iZ(t))|| La 
Summing up, we obtain that 

sup(||A oM (t)||i 2 + +e\\(d t | H )v(t)\\h) < 4^ + C 2 (l + R 3 ) 2 . 

This concludes the proof of Theorem 12.71 

4. Proof of Theorem 2 

Throughout this section, for every e e]0, 1], we denote by (u e (-), v e (-)) : R — ► Z a 
fixed bounded full solution of ( 12. 9ft . such that sup teR (||w e (t)||^i + e||u e (f)||^ 2 ) < -R- 
It follows from Theorem 12 . 71 that ("U e (-), i> e (-)) is continuous into Zi and continuously 
differentiable into Z , with 



(4.1) 



(d t | £Ti)M e (0 = v e {t) 

e{d t | Fo)^(t) = -v e (t) - A u £ (t) + f(u £ (t)). 



Moreover, for every e e]0, 1] there exists a positive constant R e such that 
(4.2) sup(||A u e (t)||| 2 + \\v e (t)\\ 2 + e\\(d t \ H )v e (t)\\h) < R* 

Set w(t) := (d t | H )v(t), i el. Using (12.31) we see that (v e (-),w e (-)) is continuously 
differentiable into Z_i, and 

\d t \H )v e (t) = w e (t) 

e{d t | H^)w £ {t) = -w e {t) - A-iv e (t) + d u f{u e {t)) ■ v € (t) 



18 MARTINO PRIZZI 

Let 9 > 0. Since the mapping t t— > (0,d u f(u e (t)) ■ v e (t)) is continuous into Z = 
D(B £) _i[0]), it follows from Theorem II. 1.3 in [6] that, for s, t G R, with s < t, 
(-Ue(-), w e (-)) satisfies the equality 

(v e (t),w e (t)) = T e _ a [0](t - s)(v e (s),w € {s)) 

+ /"* T e ,_ a [0](t -p)(0, (l/e)dj(u £ (p)) ■ v t (p) + (9/e)v e (p)) (dp | Z_ x ). 



Finally, since (v e (-),w e (-)) is continuous into Z , it follows that (v e (-),w e (-)) satisfies 
the equality 

(4.3) (v e (t),w e (t)) = T e> o[9}{t - s){v e {s),w e {s)) 

+ /* T 6l0 [e](f-p)(0, (l/e)§J(u 6 (p)) • v 6 (p) + (9/e)v e (p)) (dp \ Z ). 



Let 5 be a positive constant, with 5 < min{l/2, Ai/2}. We define the following 
energy functional on Zq\ 

(4.4) E e , e (v,w) := -e\\5v + wf L2 + ^Mh^] + \^ ~ S )\Mh- 

A direct computation using ( 13.101) shows that, for all 9 > 0, 

1 3 

(4.5) ^\\(v,w)\\ Ztt0 [$\ < E e! g(v,w) < -\\(v,w)\\ Ze)Q[0h (v,w) G Z . 

Moreover, by Lemma [3761 for every p, with < p < 1, there exists # p > such that, 

for all 9 > 9 P , all £ G R and all (v, w) G Z , 

(4.6) 

(l-p)E €!0 (v,w) <E e>e (v,w) + l [ dj(u e (t))(x)\v(x)\ 2 dx< (l + p)E e>e (v,w). 



Fixing p = 1/2 and setting 9* := 9i/2, we obtain from (14.51) and (14. 6 P that, for all 
9 > 9*, alH G R and all (v, w) G Z , 



1 /' |2 . - 9 



(4.7) -||M|k, [fl] <^(^^) + 2 / 9«/(iZ e (t))(a:)|t;(a;)| 2 tfe<-||(«,«;)||z. i o M . 
We define the following function: 

(4.8) A £ifl (t) := E e>e {v e {t),w e {t)) + \ [ dj(u t (t))(x)\v e (t)(x)\ 2 dx 

We need the following lemma, whose proof is left to the reader: 
Lemma 4.1. Assume Hypothesis Ii2.10\) . Define the mapping 

Ge(t):= \ [ dj(u e (t))(x)\v e (t)(x)\ 2 dx. 
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Then Q e {-) is continuously differentiable, and 
dt 



iGe{t) = l I d u J(u e (t))(x)v e (t)(x)\v e (t)(x)\ 2 dx 



+ / d u f(u £ (t))(x)v e (t)(x)w £ (t)(x)dx. 
Jn 

□ 

Using (14. 3p . Theorem 2.6 in [16J and Lemma H~Tj we see that A e e(-) is differentiable 
and 

(4.9) 4m*) + ^Ko(t) = (2^e - l)||tD e (t) + 6v e (t)\\h 
dt 

+ (w e {t)+6v e {t),6v e {t)) L 2 + ~ I b\^(u e (t))(x)v e (t)(x)\v e (t)(x)\ 2 dx. 



n 



By Hypothesis 12.101 we have: 

\ [ Kj(u e (t))(x)v e (t)(x)\v t (t)(x)\ 2 dx 
* Jn 

1 Jn 

< lc4v e (t)\\ L 4Ve(t)\\h + ^Cl ||^ e (0 |U« ||^e(t) |U- |l^(*) Ilia 

< ^C 2 (l + it!)||^)|| i2 ||f, 

It follows that, for every v > 0, there exists C„ > such that 
1 



2 



a w /(i2 e (t))(x)i; e (t)(a;)|i; e (t)(x)| 2 dx < HI^WII^ + C u \\v e (t)\\ 2 L2 \\v e (t)\\l, 



<^ll^(t)lliir fll + CJ|^(*)H 2 r. 2 |l^ /J U|2 



Then, choosing v < 5 and using Cauchy-Schwartz inequality in (|4.9p . we get 

(4.10) ^A ejfl (t) + 5A e , e (t) < (e 2 /2)||^(t)||i 2 +2a||^(t)||| 2 A^(t). 
We need the following lemma. 

Lemma 4.2. There exists a positive constant K such that, for all e e]0, 1], 



/+oo 
\\v e (t)\\hdt<K. 
-oo 



The constant K depends only on R and on the constants in Hupotheses \2. 1\ and \2.1(A 
In particular, K is independent of e. 

Proof. Define the standard Lyapunov functional 

L(u,v) := e^H| 2 2 + ±\\u\\%i - J F(x,u(x)) dx, (u,v) E H%(ty x L 2 (ft), 
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where F(x,u) := J " f(x, s)ds. Then the mapping t h- > L(u(t), v(t)) is differentiable 
and 

(for details, see the proof of Proposition 4.1 in [16]). Then, for every £i < t 2) 

" 2 \\v e (t)\\hdt < mufarth))] + \L(u(ti),v(t 2 ))\ < K(R), 
h 

where K(R) is a suitable constant depending on R and on the constants of Hypoth- 
esis ED3B □ 

Let a, t, t £ R, with <x > t > r. We multiply (QUI) by e 5( *~ r) ~£ 2a|l ^ (s)l1 ^ ds and 
we obtain that 



^./ e i(t-T)-/*2a[|fl«W||Jad»^ efl /^\ < (fl2 /2) e «(*-r)-£2a||S«(* 



dsn - /.\||2 



L 2 ' 



dt 

Integrating on [r, er], we get 

e S(<r-r)-f; 2C„\\Ms)\\ 2 L 2 

< A e , e (r) + (9 2 /2) y a e 5( *- T) -^ 2a|l ^ (s)l ^ ds ||^(t)||2 2 di . 
It follows from Lemma [4.21 that 

+ (6 2 /2) r e -^-«W20 B ||€,W||» 2 rf.|| i?eW ||2 a£ft 

< e^^e 2C ^A e , e (r) + (0 2 /2)^e 2C ^. 

Using (H77)l . (iOl and we get 

(l/sjiKe.Ca),®.^))!!^ 

< (9/8)e-^ e 2C ^||(^(r),«; e (r))||| ei0[e] + {6 2 /2)Ke 2C » K 

< (9/ 8 )(^±^i) e -5(—) e 2C^^ + ^/ 2 )Ke 2C " K . 
Ai 

Letting r tend to — oo, we finally get 

(4.11) \\{vM)^M))\\%, < M 2 Ke 2C » K , aER. 

This last inequality, together with (14. ip . yields 

supdlAofieC*)!^ + \\ve(t)\\m + 4(d t I H )v e (t)\\h) < R, 
tm 

where R depends only on the constants in Hypotheses 12.11 and 12.101 and on R. This 
concludes the proof of Theorem 12.111 
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5. AN APPLICATION: UPPER SEMICONTINUITY OF ATTRACTORS 

In this section we assume Hypotheses 12.11 and 12.101 Moreover, we make the 
following structure assumption on the nonlinearity f(x,u). 

Hypothesis 5.1. There exists a positive number \x and a function c(-) G L 2 (Q) such 
that: 

(1) f(x, u)u — fiF(x, u) < c(x); 

(2) F(x,u) < c(x). 

Here, F(x, u) := f Q f(x, s) ds, (x, u) G Vt x M. 

It was proved in [16] that under Hypotheses 12.11 12.101 and 15.11 for every e G 
]0, 1], equation (12.81) (more precisely: its mild formulation (12.91) ) generates a global 
semiflow in Hq(Q) x L 2 (Q), possessing a compact global attractor A e . Moreover, 
there exists a positive constant R such that 

sup sup{||w||^i +e||f||^ 2 | (u,v) G A e } < R. 
ee]o,i] 

Consider now the formal limit of ( 12. 8ft as e — > 0, i.e. the parabolic equation 

u t + P(x)u - y](aij(x)u x .) xt = f{x, u), (t, x) G [0, +oo[xfi, 

(5.1) ij 

u = 0, (t,x) G [0, +oo[xdfi 

with Cauchy datum w(0) = u . Again we rewrite (15. ip as an integral evolution 
equation in the space Hq(Q), namely 

(5.2) u(t) = e- Aot u + f e- Ao ^f{u{s)) ds, 

Jo 

where e~ Aot , t > 0, is the analytic semigroup generated by the positive selfadjoint 
operator Ao in L 2 (Q). It was proved in [15] that under Hypotheses 12. 1[ 12.101 and 
15. 1| equation (15.11) (more precisely: its mild formulation (15.21) ) generates a global 
semiflow in Hq(Q), possessing a compact global attractor A. Moreover, A C D(A ) 
and A is compact in _D(A ). 

Let T: D(A ) -> H%(Q) x L 2 (fi) be defined by T(u) := (u,A u + /(«)). Set 
Ao := T(^4). In [T7] the following result was proved. 

Theorem 5.2 (Theor. 1.4 in [17]). The family (*4 e ) ee [o,i] i> s WP er semicontinuous 
at e = TOi/j respect to the topology of Hq(Q) x H^ 1 (Q), i.e. 

limsup inf \\y - z\\ H i xH -i = 0. 

□ 

This result is not completely satisfactory. The optimal result would be to obtain 
upper semicontinuity with respect to the topology of Hq(Q) x L 2 {Vt). Actually, 
thanks to Theorem 12.111 we are now able to prove the optimal result. 
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Theorem 5.3. The family (^4 e ) e6 [ 0j i] is upper semicontinuous at e = with respect 
to the topology of Hq(Q) x L 2 (Q), i.e. 

limsup inf \\y - z\\ H i xL 2 = 0. 

Indeed, the main ingredient in the proof of Theor. 4.1 in [17] is the following 
Theorem. 

Theorem 5.4 (Theor. 3.8 in p2]). Let (e n ) n be a sequence of positive numbers 
converging to 0. For each n G N let z n = (u n , v n ) : R — > Hq(Q) x L 2 {VL) be a bounded 
full solution of ( f£. 9\) such that 

sup sup(||u n (t) \\ 2 H i + e n \\v n (t)\\ 2 L2 ) < R < oo. 

neN teR 

Then a subsequence of (z n ) n converges in Hq(Q) x H^ 1 ^), uniformly on compact 
subsets of R, to a function z: R — ► Hq(Q) x L 2 (Q) with z = (u,v), where u is a 
solution of (EJp and v = (d t \ L 2 (Vi))u. □ 

If in Theorem 15.41 we assume also that, for each n e N, the function «„(•) is 
uniformly continuous, then it follows from Theorem 12.111 that the sequence (f „(■))„ 
is bounded in L°°(R, Hq(Q)). Interpolation between Hq(Q) and then implies 

that v n (t) — > v(t) in L 2 (Q) uniformly for t lying in compact subsets of R. Now using 
Lemma 12.81 and an obvious contradiction argument one easily completes the proof 
of Theorem 15. 31 
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